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We investigate the invariant mass distribution of top quark pairs near the 2mt threshold, where
current theoretical predictions are incompatible with experimental measurements at the LHC. We
show that higher-order non-relativistic Coulomb corrections lead to large corrections, which cannot
be incorporated at fixed orders due to the divergent behavior. We derive a factorization formula to
resum such corrections to all orders in the strong coupling, and calculate necessary ingredients to
perform the resummation at next-to-leading power. We combine the resummation with fixed-order
results and present phenomenologically relevant numeric results. We find that the resummation
effect significantly enhances the differential cross section in the threshold region, and makes the
theoretical prediction more compatible with experimental data.
INTRODUCTION
Top quark pair production
p(P1) + p(P2)→ t(pt) + t¯(pt¯) +X , (1)
is one of the most important scattering processes at the
Large Hadron Collider (LHC). The experimental mea-
surements of its differential cross sections have achieved
remarkably high precisions [1–4] in the Run 2 of the LHC
with a center-of-mass energy of 13 TeV. In the mean-
time, the theoretical modeling of the kinematic distribu-
tions in quantum chromodynamics (QCD) has also been
greatly improved with the emergence of the next-to-next-
to-leading order (NNLO) predictions [5–7] supplemented
with the resummation of large logarithms to the next-
to-next-to-leading logarithmic accuracy (NNLL′) [8–10].
The next-to-leading order (NLO) electroweak (EW) cor-
rections [11] have also been combined with the QCD cor-
rections, resulting in the state-of-the-art standard model
(SM) predictions for this process [12, 13].
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FIG. 1. The averaged tt¯ invariant mass distribution in the
[300-380] GeV range. The CMS result [3] is shown as the
green band, while the central-values of various theoretical pre-
dictions are shown in comparison.
In spite of these developments, some small discrepan-
cies between the high precision theoretical and experi-
mental results are persistent. A notable one is the tt¯
invariant mass distribution near the 2mt threshold mea-
sured by the CMS collaboration at the 13 TeV LHC [2, 3],
where mt is the top quark mass, and the invariant mass
Mtt¯ is defined as
M2tt¯ ≡ (pt + pt¯)2 . (2)
In Figure 1, we depict the averaged Mtt¯ distribution in
the [300-380] GeV range. The CMS result [3] is shown as
the green band, which reflects the combined statistical
and systematical uncertainty. The central values of vari-
ous theoretical predictions (NNLO from [6], NNLO+EW
from [12], and NNLO+NNLL′ from [9]) are shown in
comparison. One can see that there exists a clear gap be-
tween the experimental and theoretical results. Although
the discrepancy is not so significant, it is interesting to
ask whether this is a pure statistical fluctuation, or there
are missing contributions which are not incorporated in
the most up-to-date theoretical predictions.
In this work, we study a class of higher order QCD cor-
rections in the threshold region Mtt¯ ∼ 2mt. They orig-
inate from exchanges of Coulomb-type gluons between
the top quark pair. The leading contributions take the
form (αs/β)
n, where β ≡
√
1− 4m2t/M2tt¯ is the norm of
the 3-velocity of the top and anti-top quarks in the tt¯
rest frame. The region Mtt¯ ∼ 2mt corresponds to β ∼ 0,
where the top and anti-top quarks are slowly moving with
respect to each other. In the small β region, the 1/βn
contributions are enhanced and lead to large corrections
beyond those included in the NNLO(+NNLL′) results.
These corrections are divergent as β → 0, signaling a
breakdown of the perturbative expansion in this limit.
At NNLO (order α2s), this does not pose a severe problem
since the integration over Mtt¯ is still convergent, which
gives a finite prediction for the averaged differential cross
section as shown in Figure 1. However, at order α4s and
beyond, even the integration over Mtt¯ becomes divergent,
and one has to perform an all-order resummation of these
Coulomb gluon exchanges to restore the validity of the
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2theoretical predictions.
Furthermore, at fixed orders in perturbation theory,
Mtt¯ ≥ 2mt due to phase space constraint. This is not
physical since one knows that bound-state effects can
make the mass of the QQ¯ system smaller than 2mQ,
where Q is a heavy quark. For the charm quark and bot-
tom quark, such bound-state effects are genuinely non-
perturbative. For top quark pairs, the bound-state effects
can be (to a good approximation) studied in perturba-
tion theory via the Coulomb resummation, as long as we
integrate in a large enough range around the threshold
Mtt¯ = 2mt.
In the following part of this paper, we present a fac-
torization and resummation formula for the partonic dif-
ferential cross sections valid in the region Mtt¯ ∼ 2mt,
which schematically takes the form dσˆ ∼ H × J . The
hard function H describes exchanges and emissions of
hard gluons with typical momenta of O(mt), while the
potential function J resums exchanges of Coulomb glu-
ons with typical energy of O(Mtt¯ − 2mt). Note that we
are not taking the soft limit
√
sˆ → Mtt¯ here, where
√
sˆ
is the partonic center-of-mass energy. As a result, ex-
tra hard radiations are allowed and are incorporated in
our framework into the hard function H. Therefore, our
factorization formula is intrinsically different from those
in [14–16], where the soft approximation has been em-
ployed. Our formalism is similar to that of [17, 18],
but takes into account the kinematic dependence of the
renormalization and factorization scales. Based on our
resummation formula, we then present numeric results
that are relevant to LHC phenomenology. We show that
the Coulomb effects indeed enhance the Mtt¯ distribution
significantly in the threshold region, and make the theo-
retical prediction more compatible with the experimental
result.
FACTORIZATION NEAR THRESHOLD
To set up the stage, we begin with the tt¯ invariant
mass distribution written as a convolution of the par-
tonic luminosity functions and partonic differential cross
sections
dσ
dMtt¯
=
∑
i,j
∫ 1
τ
dz
z
τ
z
∫
dΘ
dσˆij(z, µf )
dMtt¯ dΘ
ffij(τ/z, µf ) ,
(3)
where i, j ∈ {q, q¯, g} denote partons within the colliding
hadrons; z ≡ M2tt¯/sˆ, τ ≡ M2tt¯/s and µf is the factoriza-
tion scale. The parton luminosity functions ffij(y, µf )
are defined by
ffij(y, µf ) ≡
∫ 1
y
dξ
ξ
fi/p(ξ, µf ) fj/p(y/ξ, µf ) , (4)
where fi/p is the parton distribution function (PDF) of
the parton i in the proton p. Note that in writing down
Eq. (3), we have taken into account that the factorization
scale µf may depend on kinematic variables (which we
collectively denote as Θ) other than mt and Mtt¯. This
is necessary since, e.g., in the NNLO results of [6], the
scales are correlated with the variable HT defined as
HT ≡
√
p2T,t +m
2
t +
√
p2T,t¯ +m
2
t , (5)
where pT,t and pT,t¯ are the transverse momenta of the
top and anti-top quarks, respectively.
We are concerned with QCD corrections to the par-
tonic differential cross sections. At the leading order
(LO) in αs, only the qq¯ and gg channels give non-
vanishing contributions
d2σˆ
(0)
qq¯
dMtt¯ d cos θt
=
2piβα2s(µr)
M3tt¯
CFCA
9
cqq¯,8(cos θt) δ(1− z) ,
d2σˆ
(0)
gg
dMtt¯ d cos θt
=
2piβα2s(µr)
M3tt¯
[
CF
32
cgg,1(cos θt)
+
(C2A − 4)CF
64
cgg,8(cos θt)
]
δ(1− z) , (6)
where µr is the renormalization scale and θt is the scat-
tering angle of the top quark in the tt¯ rest frame. The
coefficients cij,α, with α = 1, 8 labelling the color config-
uration of the tt¯ system, are given by
cqq¯,8(cos θt) =
1
4
[
2− β2(1− cos2 θt)
]
,
cgg,1(cos θt) =
1
2(1− β2 cos2 θt)2
[
4− 2ρ2
− 2β2(1− β2 cos2 θt)− (1 + β2 cos2 θt)2
]
, (7)
cgg,8(cos θt) = 2cgg,1(cos θt)
[
16
5
− 9
10
(3− β2 cos2 θt)
]
,
where ρ ≡ 1− β2 = 4m2t/M2tt¯.
Note that Eq. (6) is proportional to β due to the two-
body phase space integration. This leads to the fact that
the LO differential cross section approaches zero at the
threshold Mtt¯ = 2mt. This is no longer true at higher
orders in αs, essentially because of the 1/β
n behavior
mentioned in the Introduction. More precisely, the NLO
differential cross section approaches a positive constant in
the β → 0 limit, while the NNLO and higher order ones
diverge in that limit. This behavior makes the perturba-
tive expansion badly convergent in the threshold region.
In the following, we analyze the factorization properties
of the differential cross sections and resum the large 1/βn
corrections to all orders in αs. This is the only way to
restore the predictive power of perturbative QCD near
threshold.
In the threshold limit Mtt¯ → 2mt or β → 0, there exist
large hierarchies among the energy scales Mtt¯, Mtt¯β and
Mtt¯β
2. Using the method of regions, we identify the
3following momentum modes in the tt¯ rest frame
hard: kµ ∼Mtt¯ ,
soft: kµ ∼Mtt¯β ,
ultrasoft: kµ ∼Mtt¯β2 ,
potential: k0 ∼Mtt¯β2 , ~k ∼Mtt¯β . (8)
The top and anti-top quarks move very slowly and are
non-relativistic objects whose residue momenta corre-
spond to the potential mode. They can interact with
each other through soft, ultrasoft and potential gluons
which are described by the effective Lagrangian of po-
tential non-relativistic QCD (pNRQCD) [19, 20]. The
hard mode describes fluctuations with typical momenta
around Mtt¯, resulting in Wilson coefficients of effec-
tive operators in pNRQCD. We note that there are no
collinear modes in our setup. This is related to the fact
that we are not taking the limit
√
sˆ → Mtt¯, so that the
extra emissions are not constrained to be soft. As a re-
sult, we do not need to employ the soft-collinear effective
theory, as opposed to [15, 16].
Using the method of effective field theory (EFT), we
derive a factorization formula for the partonic cross sec-
tion in the threshold region. The power expansion of pN-
RQCD is according to the counting αs ∼ β. Up to the
next-to-leading power (NLP), the factorization formula
reads
dσˆNLPij
dMtt¯ dΘ
=
16pi2α2s(µr)
M5tt¯
√
Mtt¯ + 2mt
2Mtt¯
∑
α
cij,α(cos θt)
×Hij,α(z,Mtt¯, QT ,MX , µr, µf ) Jα(E) +O(β3) , (9)
where α = 1, 8 denotes the singlet and octet color config-
urations of the tt¯ pair; Hij,α are hard functions describing
hard gluon exchanges and emissions, which depend on
the transverse momentum QT of the tt¯ pair and the in-
variant mass MX of the extra emissions in the final-state;
Jα(E) are potential functions describing Coulomb gluon
exchanges between the tt¯ pair, with E = Mtt¯−2mt. The
prefactors are chosen such that the LO cross sections in
the EFT reproduce those in Eq. (6). Note that the factor-
ization formula is different from those in [17, 18] due to
the explicit kinematic dependence of the hard function.
The hard functions can be calculated order-by-order
in αs in terms of differential cross sections in the limit
pt = pt¯ = Ptt¯/2. For resummation at NLP, we need the
hard functions up to the NLO. The LO hard functions
are given by
H
(0)
qq¯,1 = 0 , H
(0)
qq¯,8 =
CACF
9
δ(1− z) δ(QT ) δ(M2X) ,
H
(0)
gg,1 =
CF
32
δ(1− z) δ(QT ) δ(M2X) ,
H
(0)
gg,8 =
(C2A − 4)CF
64
δ(1− z) δ(QT ) δ(M2X) . (10)
We have also calculated the NLO corrections to the hard
functions analytically. They receive contributions from
both virtual exchanges and real emissions of gluons. The
virtual and real contributions are separately infrared di-
vergent. The divergences cancel when combining the two
together with the PDF counterterms. After the cancella-
tion, we obtain finite NLO hard functions involving sin-
gular distributions of 1−z and QT . The results are more
complicated than those in the literature [17, 18] since we
need to keep the dependencies on kinematic variables in
order to use the HT -based renormalization and factoriza-
tion scales.
The potential function Jα(E) is related to the imagi-
nary part of the pNRQCD Green function Gα(~r1, ~r2;E)
of the tt¯ pair at origin. Up to the NLP, we can write it
as
Jα(E) = Jα0 (E) + J
α
1 (E)
≡ 2 ImGα0 (~0,~0;E) + 2 ImGα1 (~0,~0;E) . (11)
The explicit expressions for the Green function can be
found in, .e.g., [16, 21].
Combining the hard and potential functions, we can
now produce NLP resummed predictions for the Mtt¯ dis-
tribution near threshold. These can be further matched
to fixed-order NLO and NNLO ones via
dσ(N)NLO+NLP
dMtt¯
=
dσNLP
dMtt¯
+
dσ(N)NLO
dMtt¯
− dσ
(n)nLO
dMtt¯
, (12)
where we have used “nLO” and “nnLO” to denote fixed-
order expansions of the NLP resummed result up to the
second and third order in αs(µr). Their differences with
respect to the full NLO and NNLO results are higher-
power terms in β that we want to take into account
through the matching procedure.
NUMERIC RESULTS
We now present the numeric results based on our fac-
torization formula (9) and the matching formula (12).
Throughout our calculation we take mt = 172.5 GeV and
use the NNPDF3.1 NNLO PDFs with αs(mZ) = 0.118.
Since the small-β resummation is valid only at low Mtt¯,
we restrict ourselves to the range Mtt¯ ∈ [300-380] GeV
in this work. These results can be easily combined with
other calculations [5, 6, 8–10, 12, 13] to achieve a preci-
sion prediction across the whole phase space. Following
[9, 12], we choose the default values of the renormaliza-
tion scale µr and the factorization scale µf to be HT /4,
and vary them up and down by a factor of 2 to estimate
the remaining theoretical uncertainties.
First of all, in Fig. 2 we compare the next-to-
leading order expansion of the NLP resummed formula
(dubbed “nLO”) with the full NLO result computed us-
ing MCFM [22]. One can see that the nLO result provides
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FIG. 2. Comparison of the Mtt¯ distributions in the range
[340-380] GeV at NLO and approximate NLO.
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FIG. 3. Fixed-order expansion of the NLP resummed result.
an excellent approximation to the full NLO one in the
threshold region. This demonstrates that the small-β
limit is indeed valid. It is also interesting to study higher
order expansions of the NLP resummed result. In Fig. 3
we show the first 5 orders of the expansion, labelled by
niLO with i = 0, . . . , 4. We see that the expansion con-
verges rather quickly when Mtt¯ is not too close to the
2mt threshold. However, when Mtt¯ approaches 2mt, the
behavior becomes out-of-control. In particular, the n3LO
result tends to +∞ while the n4LO one tends to −∞ in
the β → 0 limit.
We now turn to the resummed results. In Fig. 4 we
show the Mtt¯ distribution at the leading power (LP) and
NLP in the pNRQCD counting αs ∼ β. Here we see
that the singularity at β = 0 is regularized by the re-
summation effects, and we obtain a finite prediction near
Mtt¯ = 2mt. One can also find that in the resummed re-
sults the region Mtt¯ < 2mt is allowed due to bound-state
effects.
Finally, we match our resummed calculation to the
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FIG. 4. The LP and NLP resummed results
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FIG. 5. The averaged tt¯ invariant mass distribution in the
[300-380] GeV range. The CMS result [3] is shown as the
grey band. The various theoretical predictions are shown in
comparison, with NNLO+NLP being our best prediction.
NLO and NNLO results according to Eq. (12). The
NLO results including scale variations are computed us-
ing MCFM, and the central value of the NNLO result with
µr = µf = HT /4 is obtained from FastNLO [23] with
interpolation table provided by [6, 24]. The NLO+NLP
and NNLO+NLP results are shown in Fig. 5 together
with the NLO and NNLO ones, compared against the
CMS measurement. We find that the Coulomb resumma-
tion effects enhance the NNLO differential cross section
by about 9%, and make the theoretical prediction more
compatible with experimental data.
CONCLUSION
In this work, we studied the tt¯ invariant mass distribu-
tion near the 2mt threshold. In this region, there exist a
small gap between the most up-to-date theoretical pre-
dictions and the experimental measurements by the CMS
collaboration at the LHC. We show that higher-order
5non-relativistic Coulomb corrections lead to large correc-
tions to the differential cross section in the threshold re-
gion, which cannot be incorporated at fixed orders due to
the divergent behavior. We derive a factorization formula
to resum such corrections to all orders in the strong cou-
pling, and calculate necessary ingredients to perform the
resummation at next-to-leading power. We combine the
resummation with NLO and NNLO results, and present
numeric results relevant for LHC phenomenology. We
find that the resummation effect increases the differen-
tial cross section in the range Mtt¯ ∈ [300-380] GeV by
about 9%. This makes the theoretical prediction more
compatible with experimental data.
Our results can be further combined with soft gluon
resummation and with electroweak corrections [8–13] via
a matching procedure. These will further increase the
differential cross sections in the threshold region by a
small amount, and will also allow a precision prediction
for the tt¯ invariant mass spectrum across the whole phase
space.
Acknowledgments: This work was supported in part by
the National Natural Science Foundation of China under
Grant No. 11575004 and No. 11635001.
∗ yanglilin@pku.edu.cn
[1] M. Aaboud et al. [ATLAS Collaboration], Phys. Rev. D
98, no. 1, 012003 (2018) [arXiv:1801.02052 [hep-ex]].
[2] A. M. Sirunyan et al. [CMS Collaboration], Phys. Rev.
D 97, no. 11, 112003 (2018) [arXiv:1803.08856 [hep-ex]].
[3] A. M. Sirunyan et al. [CMS Collaboration], JHEP 1902,
149 (2019) [arXiv:1811.06625 [hep-ex]].
[4] A. M. Sirunyan et al. [CMS Collaboration],
arXiv:1907.03729 [hep-ex].
[5] M. Czakon, D. Heymes and A. Mitov, Phys. Rev. Lett.
116, no. 8, 082003 (2016) [arXiv:1511.00549 [hep-ph]].
[6] M. Czakon, D. Heymes and A. Mitov, JHEP 1704, 071
(2017) [arXiv:1606.03350 [hep-ph]].
[7] S. Catani, S. Devoto, M. Grazzini, S. Kallweit and
J. Mazzitelli, JHEP 1907, 100 (2019) [arXiv:1906.06535
[hep-ph]].
[8] B. D. Pecjak, D. J. Scott, X. Wang and L. L. Yang, Phys.
Rev. Lett. 116, no. 20, 202001 (2016) [arXiv:1601.07020
[hep-ph]].
[9] M. Czakon, A. Ferroglia, D. Heymes, A. Mitov,
B. D. Pecjak, D. J. Scott, X. Wang and L. L. Yang, JHEP
1805, 149 (2018) [arXiv:1803.07623 [hep-ph]].
[10] B. D. Pecjak, D. J. Scott, X. Wang and L. L. Yang, JHEP
1903, 060 (2019) [arXiv:1811.10527 [hep-ph]].
[11] W. Bernreuther and Z. G. Si, Nucl. Phys. B 837, 90
(2010) [arXiv:1003.3926 [hep-ph]].
[12] M. Czakon, D. Heymes, A. Mitov, D. Pagani, I. Tsinikos
and M. Zaro, JHEP 1710, 186 (2017) [arXiv:1705.04105
[hep-ph]].
[13] M. L. Czakon et al., arXiv:1901.08281 [hep-ph].
[14] K. Hagiwara, Y. Sumino and H. Yokoya, Phys. Lett. B
666, 71 (2008) [arXiv:0804.1014 [hep-ph]].
[15] M. Beneke, P. Falgari and C. Schwinn, Nucl. Phys. B
842, 414 (2011) [arXiv:1007.5414 [hep-ph]].
[16] M. Beneke, P. Falgari, S. Klein and C. Schwinn, Nucl.
Phys. B 855, 695 (2012) [arXiv:1109.1536 [hep-ph]].
[17] A. Petrelli, M. Cacciari, M. Greco, F. Maltoni and
M. L. Mangano, Nucl. Phys. B 514, 245 (1998) [hep-
ph/9707223].
[18] Y. Kiyo, J. H. Kuhn, S. Moch, M. Steinhauser and
P. Uwer, Eur. Phys. J. C 60, 375 (2009) [arXiv:0812.0919
[hep-ph]].
[19] N. Brambilla, A. Pineda, J. Soto and A. Vairo, Nucl.
Phys. B 566, 275 (2000) [hep-ph/9907240].
[20] M. Beneke, A. Signer and V. A. Smirnov, Phys. Lett. B
454, 137 (1999) [hep-ph/9903260].
[21] W. L. Ju and L. L. Yang, JHEP 1906, 050 (2019)
[arXiv:1904.08744 [hep-ph]].
[22] J. M. Campbell and R. K. Ellis, Nucl. Phys. Proc. Suppl.
205-206, 10 (2010) [arXiv:1007.3492 [hep-ph]].
[23] D. Britzger et al. [fastNLO Collaboration],
arXiv:1208.3641 [hep-ph].
[24] M. Czakon, D. Heymes and A. Mitov, arXiv:1704.08551
[hep-ph].
